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ABSTRACT 
The moments of inertia of an object or objects are required for performing mechanical analysis.  In many 

applications the moments of inertia are determined by measuring the distribution of the mass within a 

body.  Given these mass distributions the inertia tensor is determined numerically, by summing the 

products of point masses and their distributions squared.  The principal moments of inertia and the 

principal axes are determined from eigenvalues and eigenvectors of the inertia tensor.  Here an alternative 

approach for determining the principal moments of inertia and the principal axes is presented; this 

approach is faster than the eigen-analysis approach, and is less sensitive to rounding errors. 
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INTRODUCTION 1 

The moments of inertia of an object or objects are required for performing 2 

mechanical analysis.  For example, in human biomechanics, body segment moments of 3 

inertia are required for the computation of the resultant joint moments [e.g., 1, 2].  The 4 

analysis of the mechanical properties of bones can, in part, be quantified by assessing 5 

their moments of inertia [3].  In many applications the moments of inertia are 6 

determined by measuring the distribution of the mass within a body.  This work 7 

addresses how the moments of inertia can be determined from such data while 8 

reducing the influence of errors in the measurements of the mass distribution. 9 

In determining the moments of inertia of the body segments mass distribution of 10 

a segment has been determined using magnetic resonance imaging [e.g., 4], and dual-11 

energy X-ray absorptiometry [e.g., 5].  In such analyses the density of the different 12 

tissues comprising the segments are assumed to be known and the mass distributions 13 

measured.  Given these data the inertia tensor can be determined.  It is possible to 14 

define a set of axes so the products of inertia are zero, in this case the axes are called 15 

the principal axes, and the moments of inertia (matrix diagonal terms) the principal 16 

moments of inertia. 17 

The traditional approach for determining these principal moments of inertia and 18 

the principal axes is to compute the eigenvectors and eigenvalues of the inertia tensor 19 

[6, 7].  Here an alternative procedure will be presented which is less sensitive to errors 20 

in the measurements of the mass distribution.  Therefore, the purposes of this study 21 

were to 1) present a new method determining the principal moments of inertia and 22 
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their corresponding axes, and 2) to compare this new approach to the traditional 23 

approach. 24 

 25 

METHODS 26 

In three-dimensions for an object the inertia tensor with reference to a 27 

reference frame A is, 28 
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 30 

It is possible to define a set of axes so the products of inertia, non-diagonal terms, are 31 

zero.  In this case the axes defining the reference frame are called the principal axes, 32 

and the moments of inertia, diagonal terms in the resulting inertia tensor, the principal 33 

moments of inertia.  In the following two methods for determining the principal axes 34 

and principal moments of inertia are presented. 35 

Method 1 – This is the approach traditionally taken based on computing the 36 

eigenvalue and eigenvector of the inertia tensor [7].  For a body made up of a certain 37 

number of particles (np), the components of the inertia tensor can be computed using 38 

the coordinates the particles (𝑥𝑖 , 𝑦𝑖, 𝑧𝑖) in reference system A, and the masses of the 39 

particles (𝑚𝑖).  Therefore, the components of this inertia tensor (𝐽𝐴) can be computed 40 

from, 41 

𝐽𝐴 = [

∑ 𝑚𝑖(𝑦𝑖
2 + 𝑧𝑖

2)𝑛𝑝 − ∑ 𝑚𝑖. 𝑥𝑖 . 𝑦𝑖
𝑛𝑝 − ∑ 𝑚𝑖. 𝑧𝑖 . 𝑥𝑖

𝑛𝑝

− ∑ 𝑚𝑖 . 𝑥𝑖 . 𝑦𝑖
𝑛𝑝 ∑ 𝑚𝑖(𝑥𝑖

2 + 𝑧𝑖
2)𝑛𝑝 − ∑ 𝑚𝑖. 𝑦𝑖. 𝑧𝑖

𝑛𝑝

− ∑ 𝑚𝑖. 𝑧𝑖 . 𝑥𝑖
𝑛𝑝 − ∑ 𝑚𝑖. 𝑦𝑖. 𝑧𝑖

𝑛𝑝 ∑ 𝑚𝑖(𝑥𝑖
2 + 𝑦𝑖

2)𝑛𝑝

] (2) 42 
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The eigenvalues of an inertia tensor are the principal moments of inertia, and 43 

the eigenvectors the principal axes [8].  The transformation of an inertia tensor to one 44 

that only contains the principal moments of inertia (𝐽𝑃) is feasible because the inertia 45 

tensor is a symmetric matrix which therefore has real eigenvalues and eigenvectors, and 46 

these eigenvectors are mutually orthogonal [9].  In addition, as the tensor is positive-47 

definitive the eigenvalues will be positive, a requirement for moments of inertia. 48 

Method 2 – This is a new approach based on the use of the singular value 49 

decomposition of a matrix.  The tensor of a body (𝐽𝐴), with respect to a reference A, has 50 

the following relationship [8], 51 

𝐽𝐴 = 𝑡𝑟(𝐿) 𝐼 − 𝐿       (3) 52 

Where, 53 

𝑡𝑟(𝐿)  – is the trace of matrix 𝐿 54 

𝐼 – is the identity matrix 55 

𝐿 = ∑ 𝑚𝑖 𝑝𝑖  𝑝𝑖
𝑇𝑛𝑝

𝑖=1   where 𝑝𝑖 is the x, y, and z coordinates of the point mass i. 56 

All three matrices in 3 are positive-definitive symmetric matrices. 57 

The eigenvalues of 𝐽𝐴 are the principal moments of inertia, and are equal to the 58 

difference between the eigenvalues of 𝑡𝑟(𝐿) 𝐼 and 𝐿.  The trace of matrix 𝐿 is equal to 59 

the sum of the eigenvalues of matrix 𝐿.  Therefore, if the eigenvalues of 𝐿 are 60 

determined then the eigenvalues of 𝐽𝐴 can be determined.  The eigenvectors of 𝐽𝐴 are 61 

the principal axes, which are the same as the eigenvectors of matrix 𝐿.  This occurs 62 

because the eigenvectors of 𝐿 are the same as those of 𝑡𝑟(𝐿) 𝐼 − 𝐿, noting that 63 
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(𝑡𝑟(𝐿) 𝐼 − 𝐿) 𝑣 = 𝑡𝑟(𝐿) 𝐼 𝑣 − 𝐿 𝑣 which demonstrates an eigenvector (𝑣) of 𝐿 is also an 64 

eigenvector of 𝑡𝑟(𝐿) 𝐼. 65 

The matrix 𝐿 is equal to, 66 

𝐿 = 𝐾 𝐾𝑇        (4) 67 

Where, 68 

  𝐾 = [

𝑥𝑖√𝑚𝑖

𝑦𝑖√𝑚𝑖

𝑧𝑖√𝑚𝑖

𝑥𝑖+1√𝑚𝑖+1

𝑦𝑖+1√𝑚𝑖+1

𝑧𝑖+1√𝑚𝑖+1

… .
… .
… .

𝑥𝑛𝑝√𝑚𝑛𝑝

𝑦𝑛𝑝√𝑚𝑛𝑝

𝑧𝑛𝑝√𝑚𝑛𝑝

]    (5) 69 

 70 

For matrix 𝐽𝐴 its eigenvalues can be determined by exploiting the properties of 71 

the singular value decomposition of 𝐾.  For matrix 𝐾 the singular value decomposition is 72 

determined [10], 73 

𝐾 = 𝑈 𝑊 𝑉𝑇        (6) 74 

Where, 75 

𝑈 – 3 x 3 orthogonal matrix, whose columns are the eigenvectors of the matrix K KT 76 

𝑊 – 3 x np diagonal matrix comprising the three singular values (𝜎1, 𝜎3,  𝜎3 ), the 77 

square of the singular values are the eigenvalues of the matrix K KT and KT K 78 

𝑉 – np x np orthogonal matrix, its columns are the eigenvectors of the matrix KT K 79 

Note that here the singular value decomposition relates to the eigenvectors and 80 

eigenvalues not of K but of KT K or KT K.  Based on equation 3 the eigenvalues of 𝐽𝐴 can 81 

be determined from the singular values of matrix K, 82 

  𝐽𝑋𝑋 = 𝜎2
2 + 𝜎3

2       (7) 83 

𝐽𝑌𝑌 = 𝜎1
2 + 𝜎3

2        (8) 84 
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𝐽𝑍𝑍 = 𝜎1
2 + 𝜎2

2        (9) 85 

In theory the advantage of this new method for determining the inertia tensor is 86 

that it avoids the squaring of the coordinate measurements that are required in 87 

equation 2.  If these measurements are numerically small, then on squaring they could 88 

test the accuracy of the floating-point representation of small numbers thus impacting 89 

the determination of the inertia tensor with respect to the principal axes.  Computer 90 

computations are sensitive to calculations which test the limits of the floating-point 91 

representation of small numbers [11, 12]. 92 

 93 

EXAMPLES 94 

Example 1:  As an example of the exploitation of the new method it was applied to data 95 

previously provided [6].  In the original work the foot-pound-second (fps) system of 96 

units was used, here it is assumed these are SI units.  Therefore, the system consists of 97 

four particles each of unit mass, and coordinates of ( 0, √50, 0), ( 0, −√50,98 

0), ( 10, 0, 5), and ( 10, 0, −5).  This produces the following inertia tensor (from 99 

equation 2), 100 

  𝐽𝐴 = [
  150 0 −100

  0 250     0
−100 0     300

]  𝑘𝑔. 𝑚2 101 

 102 

The inertia tensor about the principal axes and rotation matrix produced by both 103 

methods were equivalent.  The inertia matrix with respect to the principal axes was, 104 

  𝐽𝑃 = [
100 0 0

0 250     0
0 0 350

]  𝑘𝑔. 𝑚2 105 
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As would be expected for an inertia tensor 𝑡𝑟(𝐽𝐴) = 𝑡𝑟(𝐽𝑃).  Both methods gave 106 

equivalent principal axes, as they did for all examples.  Method 1, the method based on 107 

the computation of eigenvalues and vectors, took over five times the processing time in 108 

MATLAB compared with the SVD based procedure; similar differences in processing time 109 

were determined for all examples. 110 

Example 2:  While the increased speed of the new method might make it 111 

attractive for some applications, there is another situation where it has a valuable 112 

feature.  In any computer based computation, errors can occur because the numbers 113 

within the computer architecture are subject to the finite precision of the floating-point 114 

representation of a number [11]. 115 

For a system of just three particles each of unit mass, and coordinates of 116 

( 
1

√2
, 0, 0), ( 0,

1

√2
, , 0), and ( 0, 0,

1

√2
) with respect to an inertial reference frame.  117 

By inspection the principal moments of inertia are  𝐽𝑋𝑋 =  𝐽𝑌𝑌 =  𝐽𝑍𝑍 = 1 𝑘𝑔. 𝑚2.  As 118 

would be expected both methods give this result.  If the reference frame in which these 119 

three masses are embedded, is rotated away from the inertial reference, this gives the 120 

three points masses new coordinates.  If these three rotations are of 45° about the x, 121 

the y, and finally the z axes, then the inertia tensor can be recomputed using these new 122 

coordinates.  The cosine and sine of 45° is an irrational number so cannot be fully 123 

represented in floating-point representations, potentially making this calculation more 124 

problematic.  From the eigen-analysis the inertia tensor is, 125 

  𝐽𝑃 = [
1 1.4 × 10−18 0

1.4 × 10−18 1 −8.7 × 10−19

0 −8.7 × 10−19 1

]  𝑘𝑔. 𝑚2 126 
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The small values for the products of inertia arise because of rounding errors 127 

occurring, which are exasperated by the squaring of the coordinate data in the 128 

computation of the inertia tensor described in equation 2.  The SVD-analysis does not 129 

require such squared values, see equation 3, and provides the following inertia tensor, 130 

  𝐽𝑃 = [
1 0 0
0 1 0
0 0 1

]  𝑘𝑔. 𝑚2 131 

To further illustrate the advantage of the new method a scenario is examined where 132 

one point is measured at a value close to the precision of the computer (ε).  For a given 133 

computing environment to value of ε is the smallest number that a computer recognizes 134 

as being very much bigger than zero, so for example when a number below machine 135 

epsilon is added to or subtracted from a second larger number that second number 136 

does not change.  For a simpler system the coordinates of the unit-point masses are 137 

now ( 
1

√2
,

1

√2
), and ( 

−𝜀

√2
,

−𝜀

√2
).  By inspection the eigenvalues representing the principal 138 

moments of inertia should be 1 𝑘𝑔. 𝑚2 and 𝜀2 𝑘𝑔. 𝑚2.  Letting 𝜀 = 2.22 × 10−16 [13], 139 

the eigenvalues of equation 2 are 1 𝑘𝑔. 𝑚2 and 0 𝑘𝑔. 𝑚2, while the SVD analysis 140 

accurately produces 1 𝑘𝑔. 𝑚2 and 𝜀2 𝑘𝑔. 𝑚2. 141 

In the system just described one moment of inertia is much larger than the other 142 

so that for mechanical analysis the influence of the error arising from the eigen-analysis 143 

approach could be small.  But in the situation where all measurements approach the 144 

limit of the floating-point representation of those measurements the eigen-analysis 145 

method could produce non-sensical results.  The concept of approaching this 146 

measurement limit is compounded in the computation of the elements of equation 2, 147 

because the products of those measurements are squared. 148 

 149 

  150 
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CONCLUSION 151 

A new method has been presented which given the locations of point masses 152 

can compute the principal moments of inertia.  It has been demonstrated that this new 153 

method can estimate these moments of inertia with greater accuracy, and with greater 154 

speed than the traditional method which relies on the computation of eigenvalues and 155 

eigenvectors. 156 

 157 
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